arXiv:1509.00288vl [math.DG] 1 Sep 2015 


ASYMPTOTIC BEHAVIOR OF THE RIEMANNIAN 
HEISENBERG GROUP AND ITS HOROBOUNDARY 


ENRICO LE DONNE, SEBASTIANO NICOLUSSI COLO, 
AND ANDREA SAMBUSETTI 


Abstract. The paper is devoted to the large scale geometry of 
the Heisenberg group H equipped with left-invariant Riemannian 
distances. We prove that two such distances have bounded dif¬ 
ference if and only if they are asymptotic, i.e., their ratio goes to 
one, at infinity. Moreover, we show that for every left-invariant 
Riemannian distance d on El there is a unique subRiemanniann 
metric d' for which d — d! goes to zero at infinity, and we estimate 
the rate of convergence. As a first immediate consequence we get 
that the Riemannian Heisenberg group is at bounded distance from 
its asymptotic cone. The second consequence, which was our aim, 
is the explicit description of the horoboundary of the Riemannian 
Heisenberg group. 
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1. Introduction 

In large-scale geometry, various notions of a space at infinity have 
received special interest for differently capturing the asymptotic geo¬ 
metric behavior. Two main examples of spaces at infinity are the as¬ 
ymptotic cone and the horoboundary. The description of the asymp¬ 
totic cone for hnitely generated groups is a crucial step in the algebraic 
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characterization of groups of polynomial growth, [Mil 68 ; Tit72; GroSlb; 
W 0 I 68 ; Pan83; BLD13]. The notion of horoboundary has been formu¬ 
lated by Gromov [Gro81a], inspired by the seminal work of Busemann 
on the theory of parallels on geodesic spaces [Bus55]. The horoboundary 
has a fully satisfying visual description in the framework of C'AT(O)- 
spaces and of Gromov-hyperbolic spaces, [Gro87; Bal95; BH99]. It 
plays a major role in the study of dynamics and rigidity of nega¬ 
tively curved spaces, [Had98; Mos73; Gro87; Sul79; Pat76; Rob03]. 
The visual-boundary description breaks down for non-simply connected 
manifolds [DPS12] and when the curvature has variable sign, as we will 
make evident for the Riemannian Heisenberg group. 

This paper contributes to the study of the asymptotic geometry of 
the simplest non-Abelian nilpotent group: the Heisenberg group. The 
asymptotic cone of the Heisenberg group equipped with a left-invariant 
Riemannian metric is the Heisenberg group equipped with a Garnot- 
Garatheodory distance dec, see [Pan83] and also [BLD13]. Our contri¬ 
bution is a hner analysis of the asymptotic comparison of d^ and dec- 
This leads to the explicit knowledge of the (Riemannian) horobound¬ 
ary. We remark that the Heisenberg group is not hyperbolic, hence one 
does not consider its visual boundary. 

We recall the dehnition of horoboundary. Let (X, d) be a metric 
space. We consider the space of continuous real functions ^(X) en¬ 
dowed with the topology of uniform convergence on compact sets. We 
denote by '^(X)/M the quotient with respect to the subspace of con¬ 
stant functions. The embedding x h->• d{x, ■) induces an embedding 
X ^ ‘^(X)/M. The horoboundary of X is dehned as dhX := X\X C 
^(X)/M. See Section 5 for a detailed exposition. 

The horoboundary of hnite dimensional normed vector spaces has 
been investigated for normed spaces, [Wal07], for Hilbert geometries, 
[Wal08], and for inhnite graphs [WW06]. For non-simply connected, 
negatively curved manifolds it has been studied in [DPS12]. Nicas and 
Klein computed the horoboundary of the Heisenberg group when en¬ 
dowed with the Korany metric in [KN09], and with the metric dec in 
[KNIO]. 

We will show that the horoboundary of the Heisenberg group en¬ 
dowed with a left-invariant Riemannian metric d^ coincides with the 
second case studied by Nicas and Klein, see Gorollary 1.3. This will 
be an immediate consequence of our main result Theorem 1.2, which 
implies that the difference d^ — dec converges to zero as the distances 
diverge. 


1.1. Detailed results. The Heisenberg group El is the simply con¬ 
nected Lie group whose Lie algebra f) is generated by three vectors 
X,Y,Z with only non-zero relation [X, K] = Z. A left-invariant Rie¬ 
mannian metric d on El is determined by a scalar product g on i); a 
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left-invariant strictly subRieniannian metric d is induced by a bracket 
generating plane V C i) and a scalar product gonV (see Section 2 for 
detailed exposition). In both cases we say that d is subRiemannian with 
horizontal space {V,g), where dimR is either 2 or 3; subRiemannian 
metrics are also called Carnot-Caratheodory. 

We are interested in the asymptotic comparison between these dis¬ 
tances. Given two left-invariant subRiemannian metrics d and d' on H, 
we deal with three asymptotic behaviors, in ascending order of strength, 
each of which defines an equivalence relation among subRiemannian 
distances: 

(i) hmrf(p^g)^oo dgp^ = 

(ii) There exists c > 0 such that \d{p, q) — d'{p, q)\ < c, for all p, q; 

(hi) hmrf(p,g)^oo \d{p, q) - d'{p, g)| = 0. 

A first example of the implication {i) [ii) was proved by Burago 
in [Bur94] for Z”'-invariant metrics d on M"’, by showing that d and the 
associated stable norm stay at bounded distance from each other. This 
result has been extended quantitatively for Z"'-invariant metrics on ge¬ 
odesic metric spaces in [CS14]. Gromov and Burago asked for other in¬ 
teresting cases where the same implication holds. Another well-known 
case where (i) is equivalent to (ii) is that of hyperbolic groups. Beyond 
Abelian and hyperbolic groups, Krat proved the equivalence for word 
metrics on the discrete Heisenberg group ]HI(Z), [Kra99]. For general 
subFinsler metrics on Garnot groups it has been proven in [BLD13], 
following [Sto98], that (i) is equivalent to the fact that the projections 
onto ]HI/[]HI, H] of the corresponding unit balls coincide, see (c) below. 
Our first result shows that this last condition is equivalent to each 
one of (i) and (ii) in the case of the Heisenberg group endowed with 
subRiemannian metrics. 

Theorem 1.1. Let d and d' he two left-invariant subRiemannian dis¬ 
tances on El whose horizontal spaces are (V, g) and iV', g') respectively. 
Let TT : 1) —> f)] he the quotient projection and tt : El —> 1)] the 

corresponding group morphism. 

Then the following assertions are equivalent: 

(a) there exists c > 0 such that \d — d'\ < c; 

fcj TT ({p G El : d{0,p) < R}) = fc {{p eM : d'{0,p) < R}), for all 
R> 0, here 0 denotes the neutral element of El; 

(d) 7r{{veV: g{v,v) < 1}) = tt {{v' e V : g'{v',v') < 1}); 

(e) there exists a scalar product g on 1)] such that both 

7r|v : (G,p) ^ (f)/[f),f)],p) and n\v'■-{V\g) ^ {^/[^,^],g) 


are submetries. 
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Next, we prove that in every class of the equivalence relation (iii) 
there is exactly one strictly subRieniannian metric. To every left- 
invariant subRiemannian metric d we define the associated subRieman- 
nian metric d' as follows. If d is Riemannian defined by a scalar product 
g on i), then d' is the strictly subRiemannian metric for which the hor¬ 
izontal space V is ^f-orthogonal to [[), f)] and the scalar product is g\v- 
If d is strictly subRiemannian, then d' = d. 

Theorem 1.2. Let d and d' he two left-invariant subRiemannian dis¬ 
tances on H. Their associated subRiemannian metrics are the same if 
and only if 

(1) lim \d{p,q) - d'{p,q)\ = 0 . 

d(p,q)^oo 

Moreover, if (1) holds, then there is C > 0 such that 

(2) \dip,q) - d'{p,q)\ < Vp, g G H. 

d[p, q) 

We remark that the estimate (2) in Theorem 1.2 is sharp, as we will 
show in Remark 4.2. 

The above result can be interpreted in terms of asymptotic cones. 
Namely, if d is a left-invariant Riemannian metric on El and d' is the 
associated subRiemannian metric, then (H, d') is the asymptotic cone 
of (H, d). For the analogous result in arbitrary nilpotent groups see 
[Pan83]. By Theorem 1.2, more is true: (H, d) is at bounded distance 
from (H, d'). Notice that this consequence cannot be deduced by the 
similar results for discrete subgroups of the Heisenberg group in [Kra99] 
and [DS14], because the word metric is only quasi-isometric to the 
Riemannian one. Moreover, we remark that there are examples of 
nilpotent groups of step two that are not at bounded distance from 
their asymptotic cone, see [BLD13]. 

We now focus on the horoboundary. As a consequence of Theo¬ 
rem 1.2 and of the results of Klein-Nikas [KNIO], we get : 

Corollary 1.3. If dn is a left-invariant Riemannian metrie on El with 
assoeiated metric dec, then the horoboundary of (El, d/j) coincides with 
the horoboundary of (El, dec)', hence, it is homeomorphic to a 2-dimen- 
sional closed disk D^. 

More precisely, let g be the scalar product of d^ on f) and W C 
the orthogonal plane to [(),()]. Define the norm ||t(;|| := ,,/g{w, w) on 
W. Fix a orthonormal basis (X, Y) for W and set Z := [X, Y] G [(), ()], 
so that (X, Y, Z) is a basis of P). We identify P) ~ El via the exponential 
map, which is a global diffeomorphism. So, we write p = w zZ with 
w & W and z G M for any point p G El. A diverging sequence of points 
{PnjneN C El, where Pn = Wn + ZnZ, diverges: 

(1) vertieally, if there exists M < oo such that ||tCn|| < M for all n; 
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(2) non-vertically with quadratic rate v G [— C)0, +C)o], if Wn diverges 
and^ lim„^oo 

Then, according to [KNIO] (see Corollary 5.6, 5.9 and 5.13 therein), we 
deduce the following description of the Rieniannian horofunctions: 

(v): a vertically diverging sequence Pn = it'n + ^n'Zi converges to a 
horofunction h if and only if Wn —>■ tCoo, and in this case 


h{w + zZ) = ||Woo|| — lll^oo — W 


(nv): a non-vertically diverging sequence = Wn+ZnZ with quadratic 
rate v converges to a horofunction h if and only if —>■ w, 

ll'^n II 

and then 

h{w + zZ) = g{R^{—w),w) 

where is the anti-clockwise rotation in W of angle = 
/i“^(z/), and /X : [—vr, tt] — >■ M is the extended Gaveau function 


/x(i9) := 


d — sin d cos d 
sin^('d) 


Moreover, all the horofunctions of (H, d/j) are of type (v) or (nv), by 
Theorem 5.16 in [KNIO]; it is also clear that neither is of both types. 

In section 5 we will also determine the Busemann points of 9/j(]HI, d^), 
that is those horofunctions obtained by points diverging along quasi¬ 
geodesics (see Definition 5.1). We obtain, as in the subRiemannian 
case: 


Corollary 1.4. The Busemann points o/(]HI, d^) are the horofunctions 
of type (nv) and can be identified to the boundary of the disk . 

The paper is organized as follows. In Section 2 we introduce the 
main objects and their basic properties. In Section 3 we estimate the 
difference between any two strictly subRiemannian left-invariant dis¬ 
tances on H. In Section 4 we compare any Riemannian left-invariant 
distance on El and its associated distance. At the end of the section 
we shall prove Theorems 1.1 and 1.2. In Section 5 we concentrate on 
the horofunctions and we prove Corollaries 1.3 and 1.4. Appendix A is 
devoted to the explicit description of subRiemannian geodesics. 


Acknowledgments. The initial discussions for this work were done at 
the ‘2013 Workshop on Analytic and Geometric Group Theory‘ in Ven- 
totene. We express our gratitude to the organizers: A. lozzi, G. Kuhn 
and M. Sageev. 


^ From the paper [KNIO], there is an extra 4 and a change of sign due to our 
different choice of coordinates. 
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2. Preliminaries 

2.1. Definitions. The first Heisenberg group El is the connected, sim¬ 
ply connected Lie group associated to the Heisenberg Lie algebra 1). 
The Heisenberg Lie algebra 1) is the only three dimensional nilpotent 
Lie algebra that is not commutative. It can be proven that, for any two 
linearly independent vectors X, F G 1) \ [[), [)], the triple (X, F, [X, F]) 
is a basis of 1) and [X, [X, F]] = [F, [X, F]] = 0. 

We denote by cue : TM —)■ i) the left-invariant Maurer-Cartan form. 
Namely, denoting by 0 the neutral element of El and identifying i) 
with TqEI, we have C(;H(n) := dL~^v for v G TpM., where Lp is the left 
translation by p. 

Let TT : 1) —)■ 1)] be the quotient projection. Notice that 1)] 

is a commutative 2-dimensional Lie algebra. So the map tt induces a 
Lie group epimorphism tt : El —)■ f)] — EI/[EI, El]. 

2.2. SubRiemannian metrics in El. Let F C f) be a bracket gen¬ 

erating subspace. We have only two cases: either V = 1) or F is a 
plane and [) = F© [1), 1)]. In both cases the restriction of the projection 
7r\v ■ V —)■ [)] is surjective. 

Let g he a scalar product on F and set the corresponding norm 
||n|| := \/g{v, v) for n G F. 

An absolutely continuous curve 7 : [0,1] —)■ El is said horizontal if 
G F for almost every t. For a horizontal curve we have the 

length 

^( 7 ):=/ ll^e(7'W)l|dt. 

Jo 

A SubRiemannian metric d is hence defined as 

d{p,q) := inf {£( 7 ) : 7 horizontal curve from p to q} . 

SubRiemannian distances on El are complete, geodesic, and left-in- 
variant. They are either Riemannian, when F = 1), or strictly Sub¬ 
Riemannian, when dimF = 2. The pair {V,g) is called the horizontal 
space of d. 

Since ■n\v '■ V —)■ is surjective, it induces a norm || ■ || on 

^/\f), 1)] such that TT : (F, || ■ ||) —)■ {f)/\f), ()], || • ||) is an submetry, i.e., for 
all w G [)/[l),[)] it holds ||7r(tc)|| = inf{||n|| : Ti{v) = w}. Here we use 
the same notation for norms on F and on [)/[[),[)], because there will 
be no possibility of confusion. The norm on [)/[[),[)] is characterized by 

(3) 7r({n G F : ||n|| < i?}) = {tc G : ||tc|| < R}, 

for all i? > 0 . 

Proposition 2.1. Letd be SubRiemannian metric on El with horizontal 
space (y,g). Then for all R > 0 

71 ({n G F : ||n|| < R}) = it {{p G El: d{0,p) < R}). 
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In particular, tt : (H, d) —)■ f)], || • — • ||) is a submetry, i.e., for all 

v,w e 

IIt — w|| = inf{(i(p, q) : 7r{p) = v, 7r(g) = w}. 

Proof. 1^ Let v e V with ||t>|| < R. Set 7 (t) := exp{tv). Then 7 : 
[0, 1] — )■ H is a horizontal curve with (i(0,exp(n)) < £( 7 ) = ||n|| < R. 
Since ^(exp(n)) = 7 r(n), then we have proven this inclusion. 

^ Let p G El with d{0,p) < R and let 7 : [0,T] —)• El be a d- 
length-niininiizing curve from 0 to p parametrized by arc-length, so 
T = d{0,p). Then 7707 : [0,T] —)■ f)] is a curve from 0 to 7 r(p) and 

||7r(p)|| < [ ||(7ro7)'(t)||dt 
Jo 

TT oa;H(7'(^))|| dt 

< / ||a;e(7'W)||dt 

Jo 

= £( 7 ) = d( 0 ,p). 

In the hrst equality we used the fact that tt is a morphism of Lie groups 
and its differential is vr, i.e., cue/pfl o dn = n o cue, where cue/pp] is 
the Mauer-Cartan form of El/[El, El]. □ 

Proposition 2.2. Let d,d' be two subRiemannian metrics on El such 
that 

lim = !■ 

p^oo d'[0, p) 

Then 



(4) 7r({p e e : d(0,p) < R}) = fr{{p eM: d'{0,p) < R}). 


Proof. Let || ■ || and || ■ ||' be the norms on f)] induced by d and d', 
respectively. We will show that 


(5) 



1 , 


which easily implies || ■ || = || ■ |/ and (4) by (3) and Proposition 2.1. 

Since both maps vr : (El, d) —)■ ([)/[f), f)], || ■ ||) and n : (El, d') —)■ 
(f)/[f), 1)], II • in are submetries, for every v G 1}] there are p^,p(, G El 
such that n{pv) = 7r(p(,) = v, ||n|| = d(0,p^) and ||n||' = d'(0,pn- 
Moreover it holds ||n||' < d'(0,p^) and ||n|| < d(0,p(,), again because 
TT is a submetry in both cases. Therefore 


d{0,Pv) ^ ^ ^ d(0,p;) 

d'(0,p„) “ ||n||' “ d'(0,pn 


Finally, if n —)■ cxd, then both d(0,p^) and d(0,p(,) go to inhnity as well. 
The relation (5) is thus proven. □ 
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2.3. Balayage area and lifting of curves. Let 1/ C 1) be a two- 
dimensional subspace with 1)] = {0}. Then [[),[)] = [Id, 1/], i.e., V 

is bracket generating. Moreover, 7r|y : V —)■ 1)] is an isomorphism. 

If p : [0,T] —)■ f)] is a curve with p(0) = 0, then there is a unique 

p : [0, T] —)■ El such that 


p(0) = 0, 

= 7r|y^(p(t)'). 


Since (tt o p)' = p', then tt o p = p. So, p is called the lift of p. 

The previous ODE system that dehnes p can be easily integrated. 
Let X,Y G Id be a basis, set Z := [X, E], so that (X, Y,Z) is a basis of 
1). Let (x, p, z) = exp(a;X + yY + zZ) be the exponential coordinates on 
El dehned by (X, Y, Z). Using the Backer-Campbell-Hausdorff formula, 
one shows that X, Y, Z induce the following left-invariant vector helds 
on El: 

X = d^- Y = dy + Z = d^. 

Thanks to these vector helds, we can describe the Maurer-Cartan form 
as 

LJuiaX + bY + cZ) = aX + bY + cZ. 

The lift of p is hence given by the ODE 


f Pi = Pd 
■1/^2” P 21 

[P3 = i (P 1 P 2 - P2P'l) • 


Take the coordinates {x,y) on 1)] given by the basis (7r(X),7r(X)) 
and dehne the balayage area of a curve p : [0,T] —)■ [)/[[), f)] as 


( 6 ) 



{x dy — ydx). 


If p(0) = 0, then the balayage area of p corresponds to the signed area 
enclosed between the curve p and the line passing through 0 and p(T). 
It follows that 


pW = (piW,P2WX(plo)) • 

In an implicit form we can write 

(7) p{t) = exp ((7r|y)“^(p(t)) + £/{p\l)Z) . 

Notice that the lift p of a curve p depends on the choice of V. Moreover, 
both the area and the Balayage area in [)/[[),[)] depend on the choice 
of the basis (X, X). Nevertheless, once a plane U C 1) is hxed, the lift 
p does not depend on the choice of the basis X, Y. 

If p is a scalar product on V and d is the corresponding strictly 
subRiemannian metric, the balayage area gives a characterization of 
d-length-minimizing curves. Let g be the scalar product on [)/[[),[)] 
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induced by g. Then the d-length of a curve p : [0,T] —)■ H equals the 
length of p = TT o p. 

Therefore, given p = (x, y, z) G H, we have 

d(0,p) = inf{£(p) : p : [0,1] ^ f)], p(0) = 0,p(l) = 7r(p),^(p) = z} . 

This express the so-called Dido’s problem in the plane, and the solu¬ 
tions are arc of circles. It degenerates into a line ii z = 0. We can 
summarize the last discussion in the following result. 

Lemma 2.3. A curve p : [0,1] —)■ El is d-length-minimizing from 0 to 
p = (x, p, z) if and only if p := fr o p is an arc of a circle from 0 to 7r(p) 
with £^{p) = z. 

3. Comparison between strictly subRiemannian metrics 

The present section is devoted to comparing strictly subRiemannian 
distances. For such distances. Proposition 3.1 gives the only non-trivial 
implication in Theorem 1.1. The general case will follow from Propo¬ 
sition 4.1. 

Proposition 3.1. Let d and d' he two strictly subRiemannian metrics 
on El with horizontal spaces {V,g) and {V',g'), respectively. Suppose 
that there exists a scalar product g on 1)/[1), f)] such that both 

7r|v : (C,p) ^ (f)/[f),f)],p) and t:\v' ■. {V,g') ^ {^/[^,^],g) 

are submetries. 

Then 

(8) sup |(i(0,p) — (i'(0,p)| < oo. 

pSH 

Moreover, if d ^ d', then 

(9) limsup |d(0,p) — d’{0,p)\ > 0. 

p^oo 

In the proof we will give the exact value of the supremum in (8). 
Indeed, by (11) and (12), we get sup^gg \d{0,p) — d'{0,p)\ = 2\h\, where 
h is dehned below. 

For (8) we will hrst prove that two of such subRiemannian distances 
are one the conjugate of the other and then we apply Lemma 3.2. 

For (9) we will give a sequence p„ —>■ cxd and a constant c > 0 such 
that \d{0,pn) — d'{0,pn)\ > c for all n G N. 


3.1. Proof of (8). Since dimP = dimW = 2, then 7r|y and 7r|y/ are 
isomorphisms. Therefore by the assumption they are isometries onto 

Let X evnv be with g(X, X) = 1. Then g'(X, X) = 1 as well. 
Let y G R be orthogonal to X with g(Y,Y) = 1. Then Z : = 
[X, y] 7 ^ 0 and (X, Y, Z) is a basis of P). 
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Let Y' := 7 r|^|( 7 r(y)) G V'. Then g'(Y',Y') = 1 and g'(X,Y') = 0. 
Moreover, there is h G M such that Y’ = Y Y hZ. In particular, 
[XX] = Z. 

Using the formula Adexp(/iX)('i^) = = v + h[X,v], we notice 

that 

f Adexp(/iX)(-A) = X, 

( 10 ) <^Adexp(/.X)(>^)=>^', 

[Adexp(/iX)(^) = Z. 

In particular Adexp(hJs:)|E : {V',g') is an isometry. 

Therefore, the conjugation 

Cexp(hN)(p) := exp(hX) ■ p ■ exp(hX)“^ 

is an isometry Cexp{hx) ■ (H, d) —)■ (H, d'). 

We can now use the following Lemma 3.2 and get 

(11) sup |(i(0,p) — (i'(0,p)| < 2|h|. 

pGH 

Lemma 3.2. Let G be a group with neutral element e and let d,d' be 
two left-invariant distances on G. 

If there is g & G such that for all p ^ G 

d\e,p) = d{e,gpg~^), 

then for all p ^ G 

\d{e,p) - d'{e,p)\ < 2max{d{e, g), d'{e, g)}. 

Proof. Note that, since d is left invariant, then for all a, 6 G G we have 
d{e, ab) < d{e, a) + d{e, b) and d{e, a) = d{e, a“^). 

Hence d(e, p) = d(e, g~^gpg~^g) < d(e, g-^) + d(e, gpg~^) + d(e, g) = 
2d{e,g) + d'{e,p). The other inequality follows by symmetry. □ 

3.2. Proof of (9). We keep the same notation of the previous subsec¬ 
tion. Up to switching V with U', we can assume h > 0. 

Let (x, y, z) be the exponential coordinates on El induced by the basis 
{X,YyZ) of [), i.e., {x,y,z) = exp(xX + yY + zZ) G El. Similary, on 
f)/[l), ()] we have coordinates (x, y) = x7r(X) -|- ynlfY). 

For R> 0, dehne 

PR := (o,2R,'^ + 2hR}j . 

We will show that 

( 12 ) lim d{0,pR) - d'{0,pR) = 2h. 

R—>-cx 

Fix R> 0. Let 7 : [0, T] —)• El be a d'-minimizing curve from 0 to pr. 
Then tt o 7 : [0,T] —)■ \)\ is half circle of center (0, i?) and radius 
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R. The balayage area of tt o y is 


^2/(71 O 7) 


ttR^ 

~Y~ 


Let 7 : [0,T] —)■ El be the d-length-minimizing curve from 0 to Pr. 
Then nop : [0,T] —[)/[[),[)] is an arc of a circle of radius Sr whose 
balayage area is 

ttRS 

(13) £/{ti op) = —^—h 2Rh = ^(tt o 7 ) + 2Rh. 

It is clear that Sr> R and that the circle of tt o 7 has center R) 
for some /ir > 0. So we have 



R^ + pI- 


It is also clear from the picture that 

TT Q2 c2 

(14) + 2Rpr <£^{nop)< + 2SrPlr. 

Now, let’s look at the lengths. First of all, notice that id'i'j) = i{n' 0 'y) 
and id{v) = f*(T o v)- For one curve we have 


07 ) = tiR, 


for the other we have the estimate 


7iSr + 2pr < i{nop), 



Figure 1. Curves in 1)] for the proof of (9). 
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which is clear from the picture. Hence 

liminf d{0,p) — d'{0,p) = liminf i{7r op) — o j) 

R—>‘00 R—^cxd 

> lim ttS'r + — 7iR 

R^OO 

= lim 7r{Sii - R) + 2/ii?. 

R^oo 

We claim that 

(15) lim ti{Sr — R) + 2pR = 2h. 

R-^oo 

Let us start by checking that, 

(16) fiR < h. 

Indeed, from the first inequality of (14) together with (13) it follows 
^ + 2Rpr < ^ + 2hR. 

Since Sr > R, then 

ttS'I ttR^ 

0 < —^-^ < 2R{h - pr), 

i.e., the inequality (16). 

From the second inequality of (14) together with (13) we get 
^ + 2Rh<^ + 2 SrPr. 

Using the facts Pr < h and Sr < R + pr < R + h, from this last 
inequality one gets 

0 < 2{h — pr) < {Sr ~ (2 + R) + 2pR^ 

( 17 ) < (> 51 ? - 72 ) + — (-+ 2 )^ 

Moreover, since h? > p\ = S^^ — R^ = {Sr — R){Sr + 72), we also 
have 

(18) lim {Sr - 72) = 0. 

R^oo 

Finally, from (18) and (17) we obtain (15), as claimed. This com¬ 
pletes the proof of (12) and of Proposition 3.1. 

4. Comparison between Riemannian and strictly 

SUBRIEMANNIAN METRICS 

Let dR be a Riemannian metric on El with horizontal space (f), (?). 
Let U C f) be the plane orthogonal to [I), I)] and let dec be the strictly 
subRiemannian metric on El with horizontal space (U,5'|v). 
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Fix a basis {X, Y, Z) for t) such that {X, Y) is an orthonormal basis 
of (V", g\v) and Z = [X, Y]. The matrix representation of g with respect 
to (X, y, Z) is 

1 0 0 
0 1 0 
0 0 C' 

where C > 0. 

Let dec be the strictly subRiemannian metric on El with horizontal 
space {V,g\v). 

Our aim in this section is to prove the following proposition. 



Proposition 4.1. If dcc{^,p) is large enough, then: 

(19) 0 < dcc(0,p) - dH(0,p) < ^-——^— 

^ «cc(0,p) — 


23 / 2 ^ • 
C 


In particular it holds 


(20) lim \dcc{0,p) - dR{0,p) \ = 0. 

p^oo 

For the proof of this statement, we need to know length-minimizing 
curves for dji and dec^ and a few properties of those, see the exposition 
in the Appendix A. 


Proof. Let {x, y, z) be the exponential coordinates on El induced by 
the basis (X, Y, Z) of 1), i.e., (x, y, z) = exp(a;X -|- yY + zZ) G El. Fix 
P = {Pi,P2,P3) e El. 

Notice that both dji and dec are generated as length metrics using 
the same length measure i, with the difference that du minimizes the 
length among all the curves, while dec takes into account only the 
curves tangent to V. This implies that 

Vp, g G El deciP, q) > dnip, g), 

therefore we get the hrst inequality in (19). We need to prove the 
second inequality of (19). 

p & {z = 0}, then dcc(0,p) = d^ifl^p) by Corollary A.7, and the 
thesis is true. 

Suppose p ^ {z = Q} and let 7 : [0, T] —>■ El be a d/j-length mini¬ 
mizing curve from 0 = 7 ( 0 ) to p = 7 (T). Since p ^ {z = 0} and since 
we supposed p to be far away enough, then by Corollary A.5 we can 
parametrize 7 in such a way that 7 is exactly in the form expressed in 
Type II in Proposition A.2 for some fc > 0 and 6* G M. 

By Corollary A.4 it holds 

(21) kT < 271. 

Moreover, by Corollary A .8 



( 22 ) 


<i«(0,p) = ll‘^(7')ll ■ T 
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Figure 2 . Curves for Case 1 and Case 2 . 


Let ?7 : [0, T] —)■ El be the dc'c'-length-minimizing curve corresponding 
to 7 as shown in Corollary A. 8 . Then we know that dcc{^,v{T)) = 
i{ri) = T, and 

kT 

(23) P = 7 (T)= 7 (T) + (0,0,—). 

Hence by Corollary A. 8 and ( 21 ) 

dcc{0,p) < dcc(,0,r]{T)) + dcc{v{T),-f{T)) < TH-—, 


i.e., 

(24) 


1 1 
^ ~ dcc{0,p) - ^ 


Since 7 is a dcc-rectihable curve, then ? 7 (T )3 = (tto^), where ? 7 (T )3 

is the third coordinate of the point in the exponential coordinates. 
Since tt o 7 = tt o 7 , then we have by (23) 


( 25 ) p3 = .5/(7107) +—. 

Notice that tt o 7 is an arc of a circle in of radius see 

Proposition A.2. 

Now we want to define a horizontal curve p : [— e, T + e] — >■ El, where 
e > 0 has to be chosen, such that p(— e) = 0 and p{T + e) = p. We first 
dehne a curve p : [—e, T + e] —;■()/[(), ()] and then take its lift to El. 

For the dehnition of p we follow two different strategies for two dif¬ 
ferent cases: 
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Case 1 . Suppose that vr o 7 doesn’t cover the half of the circle, i.e., 
T < \. Set A = 77 (p) G [)/[[),[)]. Then T is smaller than the circle of 
diameter ||A||, i.e., 

(26) ||A|| > 

TT 

Let A“*“ G [)] be the unitary vector perpendicular to A and forming 
an angle smaller than 7 r /2 with the arc tt o 7 . Let e > 0 such that 

kT 

( 27 ) ^- 11^11 = ^. 

Now, define p : [—e, T + e] —;■[)/[[),[)] as 

r (f + e)A-^ 

p{t) = < eA-^ + 77 o 7 (t) 

[eA^ + 77 0 7 (T) - (f-T)A^ 

Notice that 

= i /(77 o 7 ) + e ■ ||A|| = ^ 2/(77 o 7) + p 3 

C 

and that p(T + e) = 77 o 7 (T) = 77 (p). Then the horizontal lift 
p : [—e, T + e] —)■ El of p is a dcc-rectifiable curve from 0 to p. 


for — e < f < 0 
for 0 < f < T 
for T < t < T + e 


Case 2. Suppose that tt o 7 covers more than half of the circle. Let 
A G f)] be the diameter of the circle that containing 0. Since T is 
shorter than the whole circle, then 


(28) ||A|| > 

77 

Let A"*- be the unitary vector perpendicular to A and forming an angle 
smaller than 7r/2 with the arc tt o 7 . Let e > 0 be such that 


(29) 


e ■ 


kT 


Now, define p : [—e, T + e] —?■ f)] as 

"(f + e)A-‘“ for 

eA“*“ + 77 o 7(t) 

eA^ + A - (f - ^)A^ 
no-f{t-e) 


p{t) = < 


e < f < 0 


for 0 < f ^ 


for 

for 


< t < 


+ e 


2 — — 2 

M + e < f < T + e 


where we used the fact A = tt o 7 (^!^^). Notice that 
£^{p) = .( 2/(77 o 7 ) + e 


kT 

= .( 2/(77 07 ) + — = p 3 . 


Then the horizontal lift p : [—e, T + e] —)■ El of p is a dcc-rectihable 
curve from 0 to p. 
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In both cases p is a horizontal curve from 0 to p of length 

(30) ^{p) =T + 2e 

Moreover, from (26) and (27) (respectively (28) and (29)) we get 

kT ^ kT 71 (^) 271 71 271^ 

( ) e= — 

Finally using in order (22), (30), (31), (24) 


dcc{0,p) - di?( 0 ,p) < i{p) 



<T + 2e- 



■T <2e< 2 


277^ 

CT 


< 


4?!^ 1 

dcc{0,p) 


23/‘2n 

C 


□ 


Remark 4.2. The inequality (2) is sharp. Indeed, for —)■ oo, we have 
the asymptotic equivalence 


(32) 


dcc{0, ( 0 , 0 , z)) 


dniO, ( 0 , 0 , 2 :)) ~ 


dvr^ 1 

7^dcc(0,(0,0,z))- 


Proof of (32). We claim that, for z > 0 large enough. 


(33) dniO, (0, 0, 2 ;)) = 2^/n^^ ~ 

Let 7 : [0, T] —El be a dij-length-minimizing curve from 0 to (0,0, z). 
Since z is large, we assume that 7 is of (Type II), see Proposition A.2, 
for some fc > 0 and 0 = 0. Since the end point is on the Z axis, we 
have 


(34) kT = 271 
and z = ^ + I?, from which follows 

(35) = A7r(^z-‘^^ . 

We know also the length of 7 (see Corollary A. 8 ) and so we get 






dniO, (0,0,^)) = £( 7 ) = T||a;H(7')ll =TJi + - = JT^ + — 


e 


e 


277 


dvr^ 


= ^l477{z-—j+ — = 2^^z- -. 


77 
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Claim (33) is proved. From Corollary A.6 we get dcc(0,(0,0,z)) = 
2 i/Fa/^ and 

dcc{0, (0, 0, z)) - (0, 0, z)) = 2^/^i (^^/z - ^z - 

2a/F ^ 1 dvr^ 1 

^ 1 + ^ 1 + 

□ 

We are now ready to give the proof of the main theorems: 

Proof of Theorem 1.1. The implication (a) (6) is trivial. The impli¬ 
cation {h) (c) is proven in Proposition 2.2. The eqnivalence (c) (d) 

follows from Proposition 2.1. The assertion (e) is a restatement of (d). 
For (d) (a) one uses Proposition 4.1 in order to reduce to the case 

when both d and d' are strictly subRiemannian and then one applies 
Proposition 3.1. □ 

Proof of Theorem 1.2. This is a consequence of Propositions 4.1 and of 
the sharpness result (9) of Proposition 3.1. □ 

5. The horoboundary 

Let (W, d) be a geodesic space and ^{X) the space of continuous 
functions X —)■ M endowed with the topology of the uniform conver¬ 
gence on compact sets. The map l : X ^ ‘^{X), (i(x))(i/) := d{x,y), 
is an embedding, i.e., a homeomorphism onto its image. 

Let ^(X)/M be the topological quotient of ^(X) with kernel the 
constant functions, i.e., for every /, (? G ^(X) we set the equivalence 
relation fr^g^^f — g is constant. 

Then the map t : X ^ ^(X)/]R is still an embedding. Indeed, 
since the map ^(X) —>■ ^(X)/M is continuous and open, we only need 
to show that i is injective: if x,x' G X are such that i{x) — i{x') is 
constant, then one takes z & Z such that d{x,z) = d{x',z), which 
exists because (X, d) is a geodesic space, and checks that 

d{x,P) = l{x){x') — i{x'){x') = i{x){z) — i{x'){z) = 0. 

Dehne the horoboundary of (X, d) as 

dhX := cl{t{X)) \ t{X) C '^(X)/M, 

where cl{i{X)) is the topological closure. 

Another description of the horoboundary is possible. Fix o G X and 
set 

^(X), := {/ G ^(X) : /(o) = 0}. 

Then the restriction of the quotient projection ^(X)o —)■ ^(X)/M is 
an isomorphism of topological vector spaces. Indeed, one easily checks 
that it is both injective and surjective, and that its inverse map is 
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[/]!—)■/ — /(o), where [/] G ^(X)/]R is the class of equivalence of 

/ e ^(X). 

Hence, we can identify dhX with a subset of ^(X)o. More explicitly: 
/ G ^(X)o belongs to dhX if and only if there is a sequence Pn ^ X 
such that —)■ oo (i.e., for every compact K C X there is X G N such 
that Pn ^ K for all n > N) and the sequence of functions /„ G ^(X)o, 

(36) fn{x) := d{pn, x) - d{pn, o), 
converge uniformly on compact sets to /. 

Proof of Corollary 1.3. Let us hrst remark that if d, d' are two geodesic 
distances on X and 

(37) lim |d'(p,g)-d(p,g)| = 0. 

d{p^q)-\-d' [jp,q)^oo 

then 

dh{X,d')=dH{X,d). 

Indeed, hrst of all the space ‘^(X)o depends only on the topology of 
X. Moreover, if / G dh{X, d), let G X be a sequence as in (36) and 
set f!^{x) := d'{pn,x) - d\pn,o). Then 

- fn{x)\ < \d'{pn,x) - d{pn,x) \ + |d'(p„,o) - d(p„,o)|, 

and as a consequence of (37) we get f'^^f uniformly on compact 
sets. This shows dh{X,d) C dh{X,d'). The other inclusion follows by 
the simmetry of (37) in d and d'. 

Now, if dn and dec are distances on El like in Corollary 1.3, then (37) 
is easily satished thanks to Theorem 1.2, and therefore dh{M.,dii) = 
9/1 (El, d^) if the Riemannian metric and the subRiemannian metric 
dec are compatible. The conclusion follows from [KNIO]. □ 

The Busemann points in the boundary dh{X, d) are usually dehned as 
the horofunctions associated to sequences of points (pn) diverging along 
rays or “almost geodesic rays”. However, in literature there are different 
dehnitions of almost geodesic rays, according to the generality of the 
metric space (X, d) under consideration ([Haa96], [Rie02], [DPS12]). A 
map 7 : / = [0, +oo) —>■ (X, d) into a complete length space is called 

• a quasi-ray, if the length excess 

A/v( 7) = sup £( 7 ;t,s) - d( 7 (t), 7 (s)) 

t,sG[N,+oo] 

tends to zero for N —)■ +oo; 

• an almost geodesic ray, if 

0/v(7) = sup d( 7 (f), 7 (s))+ d( 7 (s), 7 ( 0 ))-f 

i,sS[V,+cxD] 


tends to zero for X —)■ +oo. 
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(Notice that the second dehnition depends on the paranietrization, 
while the hrst one is intrinsic). We will use here a notion of Buse- 
niann points which is more general than both of them; 

Definition 5.1. A diverging sequence of points (p„) in {X,d) is said 
to diverge almost straightly if for all e > 0 there exists L such that for 
every n > m > L we have 

(38) d{pL,Pm) + d{pm,Pn) “ d{pL,Pn) < 6 

It is easy to verify that points diverging along a quasi-ray or along 
an almost-geodesic ray diverge almost straightly. We then dehne a 
Busemann point as a horofunction / which is the limit of a sequence 
fn{x) = d{pn,x) — d{pn,o), for poiuts (pn) diverging almost straightly. 

To prove Corollary 1.4, we need the following 

Lemma 5.2. Let {X,d) be a boundedly compact, geodesic space, o G 
X and {pnjneN C X a seguence of points diverging almost straightly. 
Then: 

(i) the seguence fn{x) = d{pn,x) — d{pn,o) converges uniformly on 
compacts to a horofunction f; 

(a) lim^^oo f{Pn) + d{o,Pn) = 0. 

Proof. Since the 1-Lipschitz functions /„ are uniformly bounded on 
compact sets and (X, d) is boundedly compact, then the family {/n}neN 
is pre-compact with respect to the uniform convergence on compact 
sets. Hence, if we prove that there is a unique accumulation point, 
then we obtain that the whole sequence {fn}nm converges. 

So, let g,g' G ^°(X) and let {/nJfceN and {fn'Jk&N be two sub¬ 
sequences of {/n}neN such that fn,. —t g and —)■ g' uniformly on 

compact sets. We claim 

(39) Ve > 0 G M Va: G X \g'{x) + — g{x)\ < e. 

Let e > 0. Let L G N be such that (38) holds. Dehne 

grix) := lim d{pn,,x) - d{pn„,PL) = g{x) - gipi) 

k^oo 

■= lim d{pn',x) - d{pn',PL) = g\x) - g'ipr)- 

k^oo ^ 

Then for Ui > nb > L, we get 

d{pni,x) - d{pni,PL) - d{pn'.,x) + d{pn'.,PL) 

< d{Pni,Pn'.) - diPm^Pl) + d{Pn'.,PL) < C. 
By taking the limit i —)■ oo and j —)■ cx), we obtain for all t G X 

9l{x) -g'lix) < e. 

Thanks to the symmetry of the argument, also gf{x) —giix) < e holds. 
Therefore for all x G X 

e > Igfix) - gL{x)\ = \g\x) - g{x) + g{pL) - 9'{pl)\- 
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Setting = g{pL) — q'^Pl), we conclude the proof of claim (39). 

It is now easy to conclude from (39). Indeed, taking x = o, we have 
I-Re I < e, therefore for all e > 0 and for all a: G X \g{x) — g'{x)\ < 2e, 
i.e., g = g'. This completes the proof of (i). 

To prove assertion (ii), £x e > 0 and let L G N be as above. Then 
we have for all n > m > L 

0 < d(Pm, Pn) - d{pn, o) + d{pm, o) 

= d{pm, Pn) + d{pL, Pm) “ d{pL, Pn) 

+d{pL,Pn) - d{pn,0) - d{pL,Pm) + d{pm,o) 

< e + d{pL,Pn) -d{pn,o) -d{pL,Pm) +d{pm,o). 

Taking the limit n —)■ cxd, we obtain the estimate 

0 < liminf f{pm) + d{pm, o) 

m^oo 

< limsup/(p^) + d{pm,o) <e + fipi) - fipi) = e. 

m^oo 

Since e > 0 is arbitrary, then (ii) holds true. □ 

Then, the proof of Corollary 1.4 runs similarly to Theorem 6.5 of 
[KNIO]. 

Proof of Corollary l.f. The horofunctions of type (nv) clearly are 
Busemann points, as they are limit, in particular, of the Riemann- 
ian geodesic rays which are the horizontal half-lines issued from the 
origin and which are always minimizing, see Proposition A.2 and Corol¬ 
lary A.3 in the Appendix. On the other hand, consider a horofunction 
of type (v), hu = (n, z) = |m| — \u — v\, for u E W. Assume that there 
exists an almost straightly diverging sequence of points Pn = Vn + ZnZ 
converging to By Lemma 5.2 (ii), we deduce that 

lim fu{Pn) + dR{o,Pn) = lim |m| - \u - Vn\ + dR{o,Pn) = 0, 

n^oo n^oo 

hence is necessarily an unbounded sequence. By Corollary 1.3 

and the following description of horofunctions, it follows that should 
be of type (nv), a contradiction. □ 

5.0.1. Concluding remarks. The Riemannian Heisenberg group shows 
a number of counterintuitive features which is worth to stress: 

(i) in view of Corollary 1.3, all Riemannian metrics on El with the same 
associated distance have the same Busemann functions, though they 
are not necessarily isometric (in contrast, notice that all strictly sub Rie¬ 
mannian metrics on El are isometric). However, this is not surprising, 
because all left-invariant Riemannian metrics on El are homothetic. 

(ii) there exist diverging sequences of points {pnjneN that visually con¬ 
verge to a limit direction v (that is, the minimizing geodesics 7 „, from 
o to Pn tend to a limit, minimizing geodesic q-y with initial direction 
v), but whose associated limit point h{p„} is not given by the limit 
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point 7 „(+oo) of 7 ^. This happens for all vertically divergent sequences 
{PnjneN, as the limit geodesic 7 ^ is horizontal in this case (see Propo¬ 
sition A .2 and Corollary A.4 in the Appendix). 

(iii) there exist diverging trajectories {pnjneN, {<?n}neN staying at boun¬ 
ded distance from each other, but dehning different limit points (e.g., 
vertically diverging sequences of points with different limit horofunc- 
tions). 

(iv) it is not true that, for a cocompact group of isometries G of (H, 
the limit set of G (which is the set of accumulation points of an orbit 
Gxq in d{M., d^)) equals the whole Gromov boundary; for instance, the 
discrete Heisenberg group G = ]HI(Z), has a limit set equal to the set of 
all Busemann points, plus a discrete subset of the interior of the disk 
boundary D^. Also, the limit set may depend on the choice of the base 
point To G H. 

(v) The functions appearing in (nv) coincide with the Busemann func¬ 
tions of a Euclidean plane in the direction R^{voo)', that is, the ho- 
rofunction h{v,z) associated to a diverging sequence = {vn,Zn) of 
(H, dfl) is obtained just by dropping the vertical component 2 ; of the 
argument, and then applying to v the usual Euclidean Busemann func¬ 
tion in the direction which is opposite to the limit direction of the VnS, 
rotated by an angle depending on the quadratic rate of divergence 
of the sequence {'& is zero for points diverging sub-quadratically, and 
"d = ± 7 r when the divergence is sup-quadratical). 

These properties mark a remarkable difference with the theory of 
nonpositively curved, simply connected spaces. 


Appendix A. Length-minimizing gurves for dec and 

In the Heisenberg group, locally length-minimizing curves are smooth 
solutions of an Hamiltonian system both in the Riemannian and in the 
subRiemannian case. Locally length-minimizing curves are also called 
geodesics. 

Let dn be a Riemannian metric on El with horizontal space (f), 5 '). 
Let R C f) be the plane orthogonal to [f), f)] and let dec be the strictly 
subRiemannian metric on El with horizontal space {V,g\v). 

Fix a basis (X, Y, Z) for i) such that {X, Y) is an orthonormal basis 
of {V,g\v) and Z = [X,R]. Set C = 

Let dec be the strictly subRiemannian metric on El with horizontal 
space {V,g\v). 

The basis {X,Y,Z) induces the exponential coordinates {x,y,z) on 
El, i.e., {x,y,z) = exp(TX + yY + zZ). We will work in this coordinate 
system. 
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The Riemannian and subRiemannian length-minimizing curves are 
known and we recall their parametrization in the following two propo¬ 
sitions. 


Proposition A.l (subRiemannian geodesics). All the non-constant lo¬ 
cally length-minimizing curves of dec starting from 0 and parametrized 
by arc-length are the following: given /c G M \ {0} and 6 * G M 

(Type I) The horizontal lines t h- )■ (t cos sin 6^,0); 

(Type II) The curves 1 1 -)- {x(t),y(t), z{t)) given by 


x{t) = 

y{t) = 

z{t) = 


— {cos6{cos{kt) — 1) — sin6'sin(A;t)) 
fz 

- {sm6{cos{kt) — 1) -|-cos6*sin(A;t)) 
k 


Here the derivative at t = 0 is (—sin 6*, cos0, 0). 


Proposition A.2 (Riemannian geodesics). All non-constant locally 
length-minimizing curves of d^ parametrized by a multiple of arc-length 
and starting from 0 are the following: given /c G M \ {0} and 0 G M 

(Type 0) The vertical line t h- )■ (0,0,t); 

(Type I) The horizontal lines t h-)■ (t cos t sin0, 0); 

(Type II) The curves 1 1 -)- {x(t),y(t), z(t)) given by 


( 


< 


x{t) = - (cos6*(cos(/ct) — 1) — sin6*sin(/ct)) 
K 

y{t) = (sin6*(cos(/ct) — 1) + cos6'sin(/ct)) 

fC 


Here the derivative at t = is (—sin^, cos6*, ^), which has 
Riemannian length Jl + 


The expression of geodesics helps us to prove the following facts. 


Corollary A.3. The horizontal lines of Type I are globally d^- and 
dec-length-minimizing curves. 


Corollary A.4. Both dR- and locally dec-length-minimizing curves 7 
of Type II are not minimizing from 0 to ■yit) if |t| > ^. 

Proof. This statement depends on the fact that, if we £x /c G M \ {0}, 
then for all 6 the corresponding length-minimizing curves 'ykp of TYPE 
II meet each other at the point 'yk,e{‘27T/k) = (0,0, ||) or 7fc^6»(27r//c) = 
( 0 , 0 ,|| + ||). ’ ’ □ 



ASYMPTOTIC BEHAVIOR AND HOROBOUNDARY OF H 


23 


Corollary A. 5. The locally dR-length-minimizing curve 7 of Type 0, 
t HA (0, 0, t), is not minimizing from 0 to ■yit) for \t\ > ^. 

Proof. For /c > 0 let 7 ^ be the dR-length-minimizing curve of Type II 
with this k and 9 = 0. Then {'yk)'s(^) = p + • Letting /c —)■ cx) we 

obtain i := . This means that for every e > 0 there is z < z + e and 

k > 0 such that 7fc(x) ~ (0)0)^)- Therefore t h-)- (0,0,f) cannot be 
minimizing after ; 2 , and therefore after □ 

Corollary A.6. If p = {x,y,p 3 ) and q = (t, y, gs), then 

dcciP, q) = 2v^ ■ a/|p 3 - gal- 

Proof. First suppose p = 0 : we have to prove that dcc { 0 ,{ 0 , 0 , z )) = 
This is done by looking at the length-minimizing curves: 
they comes from complete circle of perimeter 2ttR = d and area ttR^ = 

| 2 ;|, so that dcc(0, (0,0,^)) = 2.tisJ^ = 2^^/\z\. 

The general case follows from the left-invariance of dec'- 

dcc{{x,y,p^), {x,y,q^)) = dcc(0, (t, |/,P3)“^(a^, d, ^s)) 

= decifi-, (0, 0, ga — pa)). 

□ 

Corollary A. 7. If p E {z = 0}, then 

dcc{0,p) = dR{0,p) 

Corollary A.8. d^- and dcc-^^f^ 9 lh-minimizing curves of Type II 
are in bijection with the following rule: If p : [0,T] —)■ El is a dec- 
length-minimizing curve of Type II, then 

7(t) = v{t)+ (O’O’P) 

is dR-length-minimizing of Type II, where /c G M is given by p. More¬ 
over, it holds 

iwy)it = i + ^ 

and 

dcc{l{t),p{t)) = 2y/n 

Proof. All the statements come directly from the expression of the 
geodesics. Notice that a dcc-length-minimizing curve p of Type II 
is parametrized by arc-length, i.e., ||a;e(V)ll = 1- 

On the other hand, the corresponding dR-length-minimizing curve 7 
has derivative a;H(70 = + ^Z, where a;e(? 7 ') is orthogonal to Z. 

Hence ||a;e(7')lP = 1 + ^ 
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